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Abstract In this paper we develop an axiomatic approach to coarse ho- 
mology theories. We prove a uniqueness result concerning coarse homology 
theories on the category of "coarse CVF -complexes" . This uniqueness re- 
sult is used to prove a version of the coarse Baum-Connes conjecture for 
such spaces. 
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1 Introduction 

Coarse geometry is the study of large scale structures on geometric objects. A 
large-scale analogue of cohomology, called coarse cohomology, was introduced 
by J. Roe in [10] in order to perform index theory on non-compact manifolds. 
The dual theory, coarse homology, has proved useful in formulating a coarse 
version of the Baum-Connes conjecture; see [8] and [14].^ This coarse Baum- 
Connes conjecture has similar consequences to the original Baum-Connes con- 
jecture formulated in [2]. In particular, the coarse Baum-Connes conjecture 
implies the Novikov conjecture concerning the oriented homotopy-invariance of 
higher signatures on a manifold. The book [11] contains an overview of coarse 
geometric techniques applied to such problems. 

In this paper we present an axiomatic approach to coarse (generalised) homol- 
ogy theories; the axioms used are coarse analogues of the classical Eilenberg- 
Steenrod axioms (see [4]). 

A coarse (n — 1) -sphere is defined to be Euclidean space equipped with 
a suitable coarse structure compatible with the topology. This terminology 
comes from thinking of a coarse (n — 1) -sphere as an ordinary (n — 1) -sphere 

^Strictly speaking, coarse /T-homology rather than the coarse version of ordinary 
homology is used here. 
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'at infinity'. There is a similar notion of a coarse n-cell. Using these basic 
building blocks we can formulate the notion of a coarse CW -complex. 

The main result of this article is the fact that a coarse homology theory is 
uniquely determined on the category of finite coarse CW-complexes by its val- 
ues on the one-point coarse space and on coarse 0-cells. The proof of this result 
is analogous to the corresponding uniqueness result for generalised homology 
theories in classical algebraic topology. 

As an application, we use this result together with the main results from [7] 
to study the coarse Baum-Connes conjecture. In particular, using coarse struc- 
tures arising from 'continuous control at infinity' (see [1]) we obtain a result on 
the Novikov conjecture that appears to be new. 

The remainder of the paper comprises: Section 2: The coarse category; section 
3: Coarse homology theories; section 4: Relative coarse homology; section 5: 
Coarse CVF-complexes; section 6: The coarse assembly map. 
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2 The coarse category 

The basic concepts of coarse geometry can be defined axiomatically; the follow- 
ing definition is a special case of the definition of a homology on a topological 
space, X , given in [7]. 

Definition 2.1 A set X is called a coarse space if there is a distinguished 
collection, £, of subsets of the product X x X called entourages such that: 

• Any finite union of entourages is contained in an entourage. 

• The union of all entourages is the entire space X x X . 
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• The inverse of an entourage M : 

M-^ = {{y,x)eXxX\ {x,y)eM} 

is contained in an entourage. 

• The composition of entourages Mi and M2 : 

M1M2 = {{x, z) e X X X \ {x,y) £ Ml {y, z) G M2 for some y £ X} 
is contained in an entourage. 

The coarse space X is called unital if the diagonal, D = {{x,x) | x € X}, is 
contained in an entourage. 

Two coarse structures {Ma <^ X x X \ a e A} and {Nj^ C X x X \ P e B} on 
a set X are said to be equivalent if every entourage is contained in some 
entourage A^^ , and every entourage A^^' is contained in some entourage M^' ■ 
We do not distinguish between equivalent coarse structures. 

Definition 2.2 Let X be a coarse space, and consider maps f : S ^ X and 
g: S ^ X ioi some set S . Then the maps / and g are called close or coarsely 
equivalent if the set: 

{{f{s),g{s))\seS} 

is contained in an entourage. 

There is a notion of a subset of a coarse space being of finite size. 

Definition 2.3 Let X be a coarse space, and consider a subset A C X and 
an entourage M C. X x X . Then we define: 

M[A] = {x e X \ {x,a) e M for some point a e A} 

As a special case, for a single point x G X we write M{x) = M[{x}]. We call 
a subset B Q X hounded if it is contained in a set of the form M{x) . 

Observe that a subset of a bounded set is bounded, and a finite union of bounded 
sets is bounded. If S C X is a bounded set, and M is an entourage, then the 
set M[B\ is bounded. 

In this article we explore invariants that depend only on the coarse structure 
of a given space. However, it can be useful to know when coarse structures are 
compatible with other structures that may be present. The following definition 
also comes from [7]. 
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Definition 2.4 Let X be a coarse space. Then X is called a coarse topological 
space if it is equipped witli a Hausdorff topology such that every entourage is 
open, and the closure of every bounded set is compact. 

In fact it is easy to demonstrate that any coarse topological space is locally 
compact, and the bounded sets are precisely those which are precompact. If X 
is a coarse space equipped with some topology, we say that the topology and 
coarse structure are compatible when X is a coarse topological space. 

The main examples of coarse structures we will use are the bounded coarse 
structure on a metric space, and the continuously controlled coarse structure 
arising from a compactification of a topological space. 

Definition 2.5 If X is a proper metric space, the bounded coarse structure is 
the unital coarse structure formed by defining the entourages to be neighbour- 
hoods of the diagonal: 

DR = {{x,y) ex xX \dix,y) <R} 

Definition 2.6 Let X be a Hausdorff space equipped with a compactification 
X .'^ Then the continuously controlled coarse structure is formed by defining the 
entourages to be open subsets M C X x X such that the closure M C. X x X 
intersects the set dX x dX^ only in the diagonal, and each set of the form 
M{x) is precompact. 

Both of the above examples are in fact coarse topological spaces. Making further 
restrictions, other examples of coarse topological spaces include the 'monoidal 
control spaces' considered in [3]. 

Bounded coarse structures are more general that they might at first appear 
because of the following result, which is proved in [12]. 

Proposition 2.7 Let X be a coarse space. Suppose that X is countably gen- 
erated in the sense that there is a sequence of entourages (M„) sucii that every 
entourage M is contained in a Gnite composition of the form M1M2 ■ ■ ■ Mn. 

Then the coarse structure on X is equivalent to the bounded coarse structure 
arising from some metric. □ 

^This statement means that the space X is included in the compact space X as a 

dense subset. 

^The boundary, dX , is the complement X\X . 
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A coarse map is a structure-preserving map between coarse spaces. 

Definition 2.8 Let X and Y be coarse spaces. Then a map /: X ^ Y is 

said to be coarse if: 

• The mapping f x f : X x X —>■ Y x Y takes entourages to subsets of 

entourages 

• For any bounded subset B CY the inverse image f~^[B] is also bounded 

The main definitions of coarse geometry arc motivated by looking at coarse 
maps between metric spaces equipped with the bounded coarse structure; see 
[11]. 

We can form the category of all coarse spaces and coarse maps. We call this 
category the coarse category. We call a coarse map / : X ^ Y a coarse equiv- 
alence if there is a coarse map g: Y ^ X such that the composites g o f and 
fog are close to the identities Ix and ly respectively. 

Let X and Y be coarse spaces, equipped with collections of entourages S{X) 

and £{Y) respectively. Then we define the product of X and Y to be the 
Cartesian product XxY equipped with the coarse structure defined by forming 
finite compositions and unions of entourages in the set: 

{M xN \ M e £{X), N G £{Y)} 

Unfortunately, the above product is not a product in the category-theoretic 
sense since the projections ttx '■ X x Y ^ X and Try : X x Y ^ Y are not in 
general coarse maps.^ 

Definition 2.9 A generalised ray is the topological space [0, oo) equipped with 
some unital coarse structure compatible with the topology. 

We reserve the notation M_|_ for the space [0, oo) equipped with the bounded 
coarse structure defined by the metric. 

The following definition is a generalisation of the notion of a Lipschitz homotopy 
given in [5] and used in coarse geometry in [14]. 

Definition 2.10 Let X and Y be coarse spaces. Then a coarse homotopy is 
a map F: X x R ^ Y for some generalised ray R such that: 

^Because the inverse image of a bounded set need not be bounded. 
Algebraic & Qeometric Topology, Volume 1 (2001) 



276 



Paul D. Mitchener 



• The map X x R ^ Y x R defined by writing {x,t) {F{x,t),t) is a 
coarse map. 

• For every bounded set B C X there is a point T £ R such that the 
function {x,t) i— > F{x,t) is constant if t > T and x & B. 

• The function F{—,oo) defined by the formula: 



is a coarse map. 

The coarse maps F{—, oo) and F{—, 0) are said to be linked by a coarse homo- 
topy. Two coarse functions f : X ^ Y and g: X ^ Y are said to be coarsely 
homotopic if they are linked by a chain of coarse homotopies. A coarse map 
/: X ^ Y is called a coarse homotopy- equivalence if there is a coarse map 
g: Y ^ X such that the composites go f and / o ^ are coarsely homotopic to 
the identities Ix and ly respectively. 

Observe that any two coarsely equivalent maps are coarsely homotopic. The 
following result gives us an example of spaces that are coarsely homotopic but 
not coarsely equivalent. 

Proposition 2.11 Let denote Euclidean space equipped with the bounded 
coarse structure. Then the inclusion i : R+ ^ x R+ defined by the formula 
i{s) = (0, s) is a coarse homotopy-equivalence. 

Proof Define a coarse map p: x IR+ by writing p{x,s) = \\x\\ + s. 

The composition p o i is equal to the identity 1r_^ . We can define a coarse 
homotopy linking the functions l]RnxE+ and z op by the formula: 



Actually, the above construction of a homotopy equivalence can be generalised 
to some situations involving continuous control. We will come back to this point 
in section 5. 

We have seen that there is no good notion of products in the coarse category. 
Fortunately, the situation is rather better when we look at coproducts and some 
more general colimits. 
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Definition 2.12 Let {Xx | A G A} be a collection of coarse spaces. Let £\ 
denote the collection of entourages of the space Xx, and let Bx denote the 
collection of bounded subsets. Then the disjoint union, IJ;^^^ -^a > is equipped 
with a coarse structure defined by forming the set of entourages: 

U^aU U {BxB' \B€Bx,B' gBx'} 
aga a,a'ga 

It is straightforward to verify that the disjoint union of a collection of coarse 
spaces defines a coproduct in the coarse category. 

Definition 2.13 Let X be a coarse space equipped with an equivalence rela- 
tion ~ and quotient map tt: X ^ Xj ^ . Then the quotient Xj ^ is equipped 
with a coarse structure formed by defining the set of entourages to be the col- 
lection: 

{7r[M] I M C X X X is an entourage} 

In general the quotient map tt: X — > Xj ~ is not a coarse map, since the 
inverse image of a bounded subset need not be bounded. However, the map tt 
is a coarse map when each equivalence class of the relation ~ is finite. 

3 Coarse homology theories 

A coarse homology theory is a functor on the category of coarse spaces that 
enables us to distinguish different coarse structures. It is the analogue in the 
world of coarse geometry of a generalised homology theory in the world of 
topology. 

Definition 3.1 A coarse homology theory consists of a collection of functors, 
{HXp}p(zi , from the category of coarse spaces to the category of Abelian groups 
such that the following axioms hold: 

• Coarse homotopy-invariance: 

For any two coarsely homotopic maps J : X ^ Y and g: X , the 
induced maps /*: HXp{X) HXp{Y) and g^: HXp{X) HXp{Y) 
are equal. 

• Excision axiom: 

Consider a decomposition X = AiJ B of a coarse space X . Suppose that 
for all entourages m C. X xX we can find an entourage M C. X x X such 
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that m{A) n m{B) C M{A n B) . Consider the inclusions i: AnB --^ A, 
j : A n B ^ B , k: A ^ X , and I: B ^ X . Then we have a natural 
map d: HXp(X) — > HXp-i{A n B) and a long exact sequence: 

^ HXp{A nB)S. HXp{A) © HXp{B) i- HXp{X) i HXp_^{A n B) ^ 

where a = {u, — jV) and /? = A;* + Z* . 

The coarse homology theory {HXp} is said to satisfy the large scale axiom if 
the groups HXp{+) are all trivial, where + denotes the one-point topological 
space. 

A decomposition, X = AUB, oi a coarse space X is said to be coarsely excisive 
if the coarse excision axiom applies, that is to say for all entourages m C X x X 
wc can find an entourage M C X x X such that m{A) D m{B) C M{A D B). 
The long exact sequence: 

^ HXp{A n S) ^ HXp{A) © HXp{B) HXp{X) HXp^i{A n B) ^ 

is called the coarse Mayer- Vietoris sequence. 

The process of coarsening, described in [8] and [11], is used to construct coarse 
homology theories on the category of proper metric spaces equipped with their 
bounded coarse structures. This process can be significantly generalised. 

Definition 3.2 Let X be a coarse space. A good cover of X is a cover {Bi \ i G 
/} such that each set Bi is bounded, and each point x E X lies in at most 
finitely many of the sets Bi . 

Let U and V be good covers of the space X . Then we say that the cover V is 

a coarsening of the cover U , and we write < V, if there is a map <p: U ^ V 
such that U C (f)[U] for all sets U €U The map (p is called a coarsening map. 

Definition 3.3 A directed family of good covers of X , {Ui, (l)ij)i^j, is said to 
be a coarsening family if there is a family of entourages (Mj) such that: 

• For all sets U eUi there is a point x E X such that U C Mi (x) . 

• Let X G X and suppose that i < j. Then there is a set C/ G Uj such that 

Mi{x) C U. 

• Let M C X X X be an entourage. Then M C M^ for some i E I . 

coarsening is the opposite of a refinement, as considered in Cech cohomology 
theory. 
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It is proved in [10] that any proper metric space, with its bounded coarse 
structure, admits a coarsening family. The following result is a generalisation 
of this fact. 

Proposition 3.4 Let X be a unital coarse topological space. Then X has a 
coarsening family. 

Proof Let {Mi | i G /} be a generating set for the collection of entourages 
in the space X, in the sense that every entourage M is contained in some 
finite composite Mj^Mjj • • • Mj^. Without loss of generality, let us assume 
that each generator Mj contains the diagonal X x X , is symmetric in the sense 
that M^^ = Mi, and every finite composite Mi^Mi^ ■ ■ ■ Mi^ of generators is an 
entourage. 

Define J to be the set of finite sequences of elements of the set I . The set J 
can be ordered; we say ji < j2 if ji is a subsequence of j2 • 

Let i e I. Let us say a subset S Q X is Mj -sparse if {x,y) ^ Mj for all points 
x,y E S such that x ^ y. By Zorn's lemma there is a maximal Mj-sparse set 
Ai. 



Consider a finite sequence j = (ii,.. 
Mi^ . . . Mi^ and union Aj = Ai^ U • 
bounded sets: 



. G J. Form the composite Mj = 
■ ■ U Ai^ , and look at the collection of 



Uj = {Mj{x) \x<^ Aj) 

Since each of the generators is symmetric and contains the diagonal, the com- 
posite Mj contains each of the generators that form it. By maximality of the 
Mj^ -sparse set Ai^ , the collection Uj is a cover of the space X . Choose a point 
xq E X . Then the set 

{x G Aj I xo G Mj{x)} 

is a discrete subset of a compact set, and is therefore finite. Thus the cover Uj 
is good in the sense of definition 3.2. 

We now need to check that the family of covers iJAj) forms a coarsening family. 
Consider the family of entourages [Mj). By construction, every set U G Uj 
takes the form Mj{x) for some point x G X, and every entourage M is con- 
tained in some entourage of the form Mj . 

^In view of proposition 2.7 this generating set is probably uncountable. However, 
note that we can always find such a generating set simply by considering the set of all 
entourages. 
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All that remains is to check that for every point x E X and every pair of 
elements j, f G J such that j < f there is a set ?7 G Uji such that Mj {x) QU . 

It suffices to look at the special case where we have sequences j = (ii, . . . 
and j' = (ii, . . . in the indexing set J. By maximality of the Mi^j^^- 

sparse set Ai^^^ we can find a point y G such that x G Mj^^^ {y) . Hence 

Mj{x)CM/{y). □ 

In particular, note that any generalised ray admits a coarsening family. 

Recall that the nerve, \Ui | , of a cover Ui is a simplicial set with one vertex for 
every set in the cover. Vertices represented by sets U\, . . . ,Un &Ui are spanned 
by an n -simplex if and only if the intersection C/i n ■ ■ ■ H [/„ is non-empty. If 
(Ui, (pij) is a coarsening family, then each map (pij : Ui Uj induces a map of 
simplicial sets (f)ij^ : \Ui\ ^ \^o\- '^^^ map (f)ij^ is proper because the covers we 
consider are locally finite.^ 

Definition 3.5 Let {-ff^ } be a generalised locally finite homology theory on 
the category of simplicial sets. Let {Ui, (fiij) be a coarsening family on the coarse 
space X . Then we write: 

HXp{X) = \im H^^\Ui\ 

i 

As the above terminology suggests, it will turn out that the assignment X i— > 
HXp{X) forms a coarse homology theory. 

Proposition 3.6 Let X and Y he coarse spaces equipped with coarsening 
families {lAi)i^i and {Vj)j^j respectively. Let /: X ^ Y be a coarse map. 
Then there is a functorially induced homomorphism /* : HXp{X) HXp(Y) 

Proof Since the map / is a coarse map, it takes entourages to entourages. 
The given conditions on coarsening families ensure that for each element i G /, 
/[^i] < Vj for some element j G J. 

Hence we have an induced map of simplicial sets /* : \Ui\ — |Vj|. This map is 
proper since the map / is coarse. By definition of the nerve of a cover. Tip to 
proper homotopy the map is independent of any choice of coarsening family. 
We therefore obtain a homomorphism: 

/*: hmH^^\Ui\ ^lim H^^\Vj\ 

i j 

by taking locally finite homology groups followed by the direct limit. □ 

'^That is to say each point of our space lies in only finitely many sets of a particular 
cover. 
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Corollary 3.7 The group HXp{X) does not, up to isomorphism, depend on 
the choice of coarsening family. □ 

Lemma 3.8 Let f : X Y and g: X —>■ Y be coarsely homotopic maps 
between coarse spaces that admit coarsening families. Then the induced maps 
U ■■ HXp{X) HXp{Y) and : HXp{X) HXp{Y) are equal. 

Proof Without loss of generality suppose we have a coarse homotopy F: X x 
R ^ Y such that / = F{-,0) and g = F{-,oo). Let {Ui)iei , (Vj)jgj, 
and {Wk)k£K be coarsening families for the spaces X , R, and Y respectively. 
Then for all elements i e I and j G J we can find an element k e K such that 
F{Ui X Vj) < Wk- Hence we have an induced proper map of simplicial sets: 

F,xl: \Ui\ X \Vj\ ^ iWfcl X |V,| 

Now, let us write the cover Vj of the generalised ray i? as a sequence of bounded 
sets (Vn) where supVn+i > sup V„ and Ki+i H 7^ 0- Then we can define a 
continuous map [0, oo) —>■ \Vj\ by sending a natural number n G N to the vertex 
Vn and a point t E (n, n + 1) to the appropriate point on the edge joining the 
vertices Vn and V^+i . Hence we have a proper continuous map 

X 1: \Ui\ X [0,oo) ^ iWfcl x [0,oo) 

such that for each point x € \Ui\ the function t i-^ F^{x,t) is eventually con- 
stant. 

The induced maps /* : \Ui\ —>■ |>Vfc| and : \Ui\ \Wk\ are thus properly 
homotopic; we obtain the appropriate proper homotopy by renormalising the 
map : \Ui\ x [0, oo) — >■ |Wfe|. The maps and 5* therefore induce the same 
map at the level of locally finite homology. Taking direct limits, the maps 
: HXp{X) HXp{Y) and 3* : HXp{X) HXp{Y) must be equal. □ 

Lemma 3.9 Let X be a coarse space that admits some coarsening family. 
Suppose we have a coarsely excisive decomposition X = Au B and inclusions 
i: Ar\B "-^ A, j: AnB ^ B, k: A^ X, and I: B ^ X. Then we have a 
natural map d: HXp{X) — > HXp-i(A n B) and a long exact sequence: 

HXp{A nB)S. HXp{A) © HXp{B) i- HXp{X) 4- HXp^i{A n S) ^ 
where a = (i*, — j*) and (5 = k^ + U. 
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Proof Let {Ui)i^i be a coarsening family for the space X. Then the spaces 
A and B have coarsening famihes (Wjl^) and (WjIb) defined by writing: 

Ui\A = {uc^A\u eUi,uc^A^^ Ui\B = {unB \u eUi,ur\B^$} 

respectively. 

Write Ai = \Ui\A\, Bi = , and Xi = \Ui\. The decomposition X = AU B 
is coarsely excisive, so if we look at interiors then: 

A'^UB^ = Xi 

By the existence of Mayer- Vietoris sequences in ordinary homology (see for 
example [13]) we have natural maps d: H^{Xi) H Bi) and exact 

sequences: 

- H'^iAi n A) - H';{Ai) © H'^iBi) - H'^iXi) S H'^_,{Ai n B^) - 
Taking direct limits, we have an exact sequence: 

^ HXp{A nB)^ HXp{A) © HXp{B) i- HXp{X) S- HXp_i{A n B) ^ 
as required. □ 

Lemma 3.8 and lemma 3.9 together imply the following result. 

Theorem 3.10 Let {Hp} be a locally Gnite homology theory. Then the col- 
lection of functors {HXp} defines a coarse homology theory on the category of 
coarse topological spaces. □ 

The coarse homology theories considered above do not satisfy the large scale 
axiom. 

Now, let X be a coarse paracompact topological space equipped with an open 
coarsening family (Ui) . Let {ipij \ U € Ui} be a partition of unity subordinate 
the the open cover Ui . Given a point x G X there are only finitely many sets 
U E Ui such that x E U. The sum J^ueU Vu{x)U represents a point in the 
simplex spanning the vertices represented by these sets. We can therefore define 
a proper continuous map k: X ^ \Ui\ by the formula: 

Considering locally finite homology and taking direct limits we obtain a coars- 
ening map: 

c: Hl{X) ^ HXn{X) 
Algebraic & Geometric Topology, Volume 1 (2001 ) 



Coarse homology theories 



283 



Proposition 3.11 The coarsening map c does not depend upon the choice of 
partition of unity. 

Proof Let {ipu \ U G Ui} and {(p'jj \ U G Ui} be partitions of unity subor- 
dinate to the open cover Ui . Then the resulting maps Ki and k'^ are properly 
homotopic, and so induce the same maps at the level of locally finite homol- 
ogy. □ 

It is proved in [8] that the coarsening map, c, is an isomorphism whenever X 
is a proper metric space^ with good local properties. In particular, it is easy to 
see that the map c is an isomorphism if the space X is a single point. 



4 Relative coarse homology 

Homology theories are usually defined by looking at pairs of topological spaces. 
There is a corresponding notion in the coarse setting. 

Definition 4.1 A pair, {X,A), of coarse spaces consists of a coarse space 
X and a subspace A C. X . A coarse map of pairs f : {X, A) —>■ (X, B) is 
a coarse map f : X ^ Y such that /[^] C S. A relative coarse homotopy 
F: {X,A) X R ^ O^jB) is a coarse homotopy F: X X R ^ Y such that 
F{a,t) € B for all points a ^ A and t ^ R. Two coarse maps of pairs 
/, g : {X, A) — > (y, B) are relatively coarsely homotopic if they are linked by a 
chain of relative coarse homotopies. 

We now present the coarse version of the Eilenberg-Steenrod axioms. 

Definition 4.2 A relative coarse homology theory consists of a collection of 
functors, {HXp}p^z, from the category of pairs of coarse spaces to the category 
of Abelian groups, together with natural transformations d: HXp[X, A) — > 
HXp{A,0) such that the following axioms hold: 

• Coarse homotopy-invariance: 

Let /: {X,A) {Y,B) and g: {X,A) {Y,B) be relatively coarsely 
homotopic coarse maps. Then the induced maps : HXp{X,A) — > 
HXp{Y,B) and g^: HXp{X,A) HXp{Y,B) are equal. 

**Equipped with the bounded coarse structure. 
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• Long exact sequence axiom: 

The inclusions i : {A, 0) ^ {X, 0) and j : {X, 0) ^ {X, A) induce a long 
exact sequence: 

HXp{A, 0) ^ HXp{X, 0) ^ HXp{X, A) HXp-i{A, 0) 

• Excision axiom: 

Suppose we have a coarsely excisive decomposition X = AuB . Then the 
inclusion (A,Ar\B) ^ {X,B) induces an isomorphism HXp{A, ACiB) 
HXp{X,B). 

• Large scale axiom: 

Let + denote the one-point coarse space. Then the groups HXp{+,iJ)) 
are all trivial. 

Let {HXp} be a relative coarse homology theory. Then we write HXp{X) = 
HXp{X, 0) . The assignment X i— > HXp{X) is a coarse homology theory in the 
sense of definition 3.1 because of the following result. 

Proposition 4.3 Let X be a coarse space, equipped with a coarsely excisive 
decomposition X = A L) B and inclusions i: A D B ^ A, j : A f] B ^ B , 
k: A ^ X, and I: B ^ X. Then we have a natural map d: HXp{X) 
HXp^i{A n B) and a long exact sequence: 

HXp{A nB)^ HXp{A) e HXp{B) i- HXp{X) S- HXp_i{A n B) ^ 
where a = {i*, — j*) and (3 = k^ + U. 

Proof We have a commutative diagram of exact sequences: 

HXp{A n B) HXp{A) > HXp{A, AOB) — ^ HXp^i{A n B) 

j* fe* c 

HXp{B) — ^ HXp{X) ^ HXp{X, B) — > HXp_i(B) 

The excision map c: HXp{A,A D B) ^ HXp{X, B) is an isomorphism. Write 
d = dc~^b. Then a diagram chase tells us that we have a long exact sequence: 

^ HXp{A n S) ^ HXp{A) e HXp{B) i- HXp{X) -t HXp_i{A n B) ^ 
as desired. □ 
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Now let X be a subspace of the sphere 5" . The open cone on X , OX , is 
the subset of Euchdean space R" consisting of points: 

{tx \t e (0, oo),x G X} 

The coarse geometry of the cone OX is closely related to the topology of the 
space X — see for example [8], [9], and [11] for instances of this phenomenon. 

Definition 4.4 Let X be a subspace of the sphere S"""^. Let r: (0, oo) — > 
(0, oo) be any map such that r{t) ^ oo as t ^ oo and the inequality: 

|r(s) — r(t)| < |s — i| 

holds for all points s,t £ M.-^ . Then the radial contraction associated to r is 
the map p: OX OX defined by the formula: 

p{tx) = r{t)x 
The following result is proved in [8]. 

Lemma 4.5 Let X he a subspace of the sphere S""^^ and let Y be any met- 
ric space, equipped with the bounded coarse structure arising from the met- 
ric. Then for any continuous map f : OX — > Y there is a radial contraction 
p : OX OX such that the composite fop: OX — > Y maps entourages to 
entourages ( with respect to the bounded coarse structures) . □ 

It is easy to see that any radial contraction is a coarse map, and is coarsely 
homotopic to the identity map. 

Theorem 4.6 Let HXp be a relative coarse homology theory. Then we can 
deGne a generalised homology theory on the category of pairs of subspaces of 
spheres by writing: 

Hp{X, A) = HXp{OX, OA) 
whenever {X, A) is a pair of subspaces of some sphere 5" . 

Proof If /: {X, A) — > (Y, B) is a continuous map of pairs there is an induced 
continuous map Of : {OX, OA) — > {OY, OB) . By lemma 4.5 we can define a 
coarse map Of op: {OX, OA) {OY, OB) for some radial contraction p. The 
coarse homotopy type of the composition fop does not depend on the choice 
of contraction p so we obtain a functorially induced map /* : Hp{X, A) — > 
Hp{Y,B). 
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Let F : (X, A) x [0, 1] — > {Y, B) be a relative homotopy. Choose a radial contrac- 
tion p: OX ^OX such that each map OF{-, t)op: {OX, OA) {OY, OB) 
is a coarse map. Then we can define a coarse homotopy G: {OX, OA) x M_|_ 
{OY, OB) by the formula: 



for all points x E X , s E M+, and t G (0, cxd). Hence the maps poOF{—, 0) and 
po OF{—, 1) axe relatively coarsely homotopic, so the induced maps F(— ,0)* 
and F(— , 1)* are equal. 

If {X, A) is a pair of subspaces of the sphere S"'~^ then {OX, OA) is a pair of 
coarse spaces so we have natural maps d: Hp{X,A) — > Hp-i{A,i/)) and a long 
exact sequence 

^Hp{A, 0) ^l^Hp{X, 0) ^Hp{X, A) -^Hp.i{A, 0) 

where the maps and are induced by the inclusions i : {A, 0) ^ (X, 0) and 

j : (X, 0) ^ {X, A) respectively. 

Finally, suppose we have a pair {X, A) and a subset K (1 A such that ii' C A*^ . 
Since the space K is compact we can find a real number e > such that the 
neighbourhood N^{K) is a subset of the space A. Hence for all > there 
exists S > such that: 



Looking at cones, we see that the decomposition OX = OA U 0{X\K) is 
coarsely excisive, and the excision axiom follows. This completes the proof. □ 

5 Coarse CVK-complexes 

The cone of the sphere S""^ is the Euclidean space and the cone of the ball 
is the half-space M" x M-*^. By proposition 2.11 the coarse space x R+ 
is coarsely homotopy-equivalent to the ray R+ . 

This prompts the following definition. 

Definition 5.1 A coarse 0-cell is a generalised ray. A coarse n-cell is the 
half-space R" x [0, oo) equipped with some unital coarse structure compatible 
with the topology such that the inclusion i: [0, oo) ^ R" x [0, oo) defined by 
the formula i{s) = (0, s) is a coarse homotopy-equivalence. 
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If DX"^ is the space M" x [0, oo) equipped with some coarse structure that 
makes it a coarse n-cell, then we refer to the space SX"'~^ = {{x,0) \ x G M"} 
as the boundary of the coarse ceh DX^ . 

Definition 5.2 A coarse (n — 1) -sphere is a boundary of some coarse n-cell. 

We have already seen that the space M" x M^. , equipped with the bounded 
coarse structure, is a coarse n-cell. However, other coarse n-cells are possible 
if we look at continuous control. 

Proposition 5.3 Let R be a generalised ray, with the coarse structure de- 
fined by looking at continuous control at infinity with respect to the one point 
compactification of the space [0, oo) . Then the coarse space {R ]J R)^ x R is a 
coarse n-cell. 



Proof The topological space M" x [0, oo) can be compactified by adding a 
'hemisphere at infinity'. The coarse space (i^JJi?)" x R can be viewed as the 
space M" x [0, oo) with coarse structure defined by looking at continuous control 
with respect to this compactification. 

As in proposition 2.11 we can define a coarse map p: M" x M_|_ by writing 

p{x, s) = \\x\\ + s. The composition p o i is equal to the identity 1ir_^ , and we 
can define a coarse homotopy linking the functions lMnxM+ and i o p by the 
formula: 



F{x,s,t) 



(xcos(|||||),s-|- ||a;||sin(|||||)) t<^ 
(0,s + ||x||) t> 



TTHXll 



— 2 



□ 



Definition 5.4 Let {X,A) be a pair of coarse spaces, and let /: ^ ^ y be 
a continuous map. Then we define the space X UfY to be the quotient: 

XUY 



XUfY 



fia) 



Proposition 5.5 Let ttx- X ^ XUjY and vry : Y ^ XUjY be the canoni- 
cal maps associated to the quotient XUfY . Then the images Trx[X] and tty\Y] 
are coarsely equivalent to the original spaces X and Y respectively. Further, 
we have a coarsely excisive decomposition X UfY = Trx[X] U 7ry[y] . 
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Proof The maps ttx and vry are injective, and the coarse structures of the 
images '7rx[-^] and vry[y] are defined to be those inherited from the spaces X 
and Y, respectively, under these maps. This estabhshes the first part of the 
proposition. 

Certainly the space X UjY is equal to the union TTxi-'^] U Try [y] . Let m be an 
entourage for the space X UfY . We want to find an entourage M such that: 

m{Trx[X])nm{TrY[Y]) C M(7rx[X] n Try [F]) 

By definition of the coarse structure on the space X UfY we can write: 

m = Tr[mx U my U Bx x By U By x B'x] 

where mx and my are entourages for the spaces X and Y respectively, 
Bx,B'j^ CX and By ,B'y CY are bounded subsets, andTr: X]JY ^ XUfY 
is the canonical quotient map. Observe that: 

m{Trx[X]) n m{TTy[Y]) C {nxiX] H Try[Y]) U Trx[Bx] U Try [By] 

Let Dx and Dy be the diagonals in the spaces X and Y respectively. Consider 
any point p E A and let M be an entourage containing the image: 

Tr[Dx U Dy U {Bx x p) U {By x p)] 

Then: 

m{Trx[X])nm{Try[Y]) C M(7rx[X] n Try [F]) 
and we are done. □ 

Let DX^ be a coarse n-cell, with boundary SX'^~^. Consider a coarse map 
/: SX"'~^ — > Y . Then the coarse space DX^ UfY is called the coarse space 
obtained from Y by attaching a coarse n-ce/Z through the map /. 

Definition 5.6 A finite coarse CW -complex is a coarse space X together with 
a sequence 

X° C C ■ ■ • C X" = X 

of subspaces such that: 

• The space X^ is a finite disjoint union of generalised rays. 

• The space X^ is coarsely equivalent to a space obtained by attaching a 
finite number of coarse A; -cells to the space X'^~^ . 
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Assuming that ^ 7^ 0, the number n is called the dimension of the 

finite coarse CT^-complex X . 

The main purpose of this section is to prove that the axioms determine a coarse 
homology theory completely on the category of spaces coarsely homotopy- 
equivalent to finite coarse CVF-complexes once we know what the coarse ho- 
mology of a generalised ray and a one-point set is. 

Lemma 5.7 Let DX" be a coarse n-cell with boundary SX'^~^. Suppose 
that the cell DX"^ is coarsely homotopy-equivalent to a generalised ray R. 
Form the space X = DX" UfY for some coarse map f : SX"' Y . Then we 
have a Mayer-Vietoris sequence 

^ HXpiSX""-^) ^ HXpiY) e HXp{R) ^ HXp{X) ^ H Xp_i{S X""-^) ^ 

Proof Let R' denote the space [l,oo) equipped with the coarse structure 
inherited from the generalised ray R and let C be the space {(x, t) € DX" | t > 
1}. Then the space C is coarsely equivalent to the space DX"-, and therefore 
coarsely homotopy-equivalent to the generalised ray R. 

Let B = {SX'^~^ X [0,2]) UfY. Then the space B is coarsely equivalent to 

the space Y . The space X can be written as the union X = B U C , and the 
intersection B f] C is coarsely equivalent to the coarse sphere SX"'~^ . Hence 
by proposition 5.5 we have a Mayer-Vietoris sequence 

^ HXpiSX""-^) HXp(Y) © HXp{R) ^ HXp{X) ^ H Xp_i{S X""-^) ^ 

as required. □ 

The proof of our main result is now virtually identical to the proof of the 
corresponding result in classical algebraic topology.^ 

Definition 5.8 A natural transformation between coarse homology theories 
{HXp) and {HX'p} is a sequence of natural transformations r : HXp HX'p 
that takes Mayer-Vietoris sequences appearing in the coarse homology theory 
{HXp} to Mayer-Vietoris sequences appearing in the coarse homology theory 
{HX'^}. 

^See, for example, section 8, chapter 4, of [13] for a proof of the corresponding 
classical result. 
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Lemma 5.9 Let r: HXp — HX^ be a natural transformation of coarse ho- 
mology theories such that the map r : HXp{X) HXp{X) is an isomorphism 
whenever the space X is a single point or a generalised ray. Then the map 
t: HXp{X) HXp{X) is an isomorphism whenever the space X is a coarse 
sphere. 

Proof Let us write a given coarse 0-sphcre, SX^ , as a coarsely excisive union, 
SX^ = i^i U i?2 , of two generalised rays. The intersection, i?i n i?2 , is bounded 
and is therefore coarsely equivalent to a single point, +. Considering Mayer- 
Vietoris sequences we have a commutative diagram: 

^ HXp{+) HXpiRi) e HXp{R2) HXp{SX^) HXp_i{+) ^ 

\ \ \ \ 

HX'p{+) HX'p{Ri) ® HX'p{R2) HX'piSX^) HX^_^{+) 

The rows in the above diagram are exact. With the possible exception of 
the map r: HXp{SX^) -^■ HXp{SX^) the vertical arrows are isomorphisms. 
Hence the map r: HXp{SX^) — HXp{SX^) is also an isomorphism by the 
five lemma. 

Now suppose that the map r is an isomorphism for every coarse (n — 1) -sphere. 
Let S* be a coarse n-sphere. Then we can write S* as a coarsely excisive union, 
DiU D2, of two n -cells, with intersection coarsely equivalent to some coarse 
(n — 1) -sphere. So- The result now follows by induction if we look at Mayer- 
Vietoris sequences and apply the five lemma as above. □ 

Theorem 5.10 Let r: {HXp} — > {HX^} be a natural transformation of 
coarse homology theories such that the map r: HXp[X) HXp{X) is an 
isomorphism whenever the space X is a single point or a generalised ray. Then 
the map r: HXp(X) —>■ HXp{X) is an isomorphism whenever the space X is 
coarsely homotopy-equivalent to a finite coarse CW -complex. 

Proof The map r: HXp{X) HXp{X) is certainly an isomorphism if the 
space X is a coarse CVF-complex with just one cell. Suppose that the map 
is an isomorphism whenever the space X is a coarse CVF-complex with fewer 
than m cells. 

Let X be a coarse CVF-complex of dimension n that has m cells. Let C be 
a cell of dimension n and let i? be a coarse CW-complex such that the CW- 
complex X is obtained from B by attaching the cell C . By lemma 5.7 we have 
a commutative diagram: 
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^ HXp{S) HXp{B) e HXj,{R) HXp{X) HXp_i{S) 

\ \ \ \ 

^ HX'p{S) ^ HX'p{B) © HX'p{R) HX'/X) ^ HX'^_^{S) 

where 5 is a coarse (n — 1) -sphere, is a generahsed ray coarsely homotopy- 
equivalent to the cell C, and the rows are Mayer- Vietoris sequences. All of 
the vertical arrows except for possibly the map r: HXp{X) HXp{X) are 
isomorphisms by inductive hypothesis and lemma 5.9. Hence by the five lemma 
the map r: HXp{X) HXp(X) is also an isomorphism. 

Thus the result holds for any finite coarse CM^-complcx by induction. By 
coarse homotopy-invariance the result follows for any space coarsely homotopy- 
equivalent to a finite CVF-complex. □ 

Now, let {HXp} and {HXp} be relative coarse homology theories. Then a 
natural transformation between these theories is a sequence of natural trans- 
formations T : HXp — > HXp that takes the long exact sequences appearing in 
the homology theory {HXp} to the long exact sequences appearing in the ho- 
mology theory {HX^}. A natural transformation of relative coarse homology 
theories induces a natural transformation of the corresponding coarse homology 
theories. 

Corollary 5.11 Let r: {HXp} — > {HX^} be a natural transformation of 
relative coarse homology theories such that the map r : HXp{R) HXp{R) is 
an isomorphism for every generalised ray, R. Then the map r : HXp(X, A) 
HXp{X, A) is an isomorphism for every pair of coarse spaces, {X, A) , that are 
coarsely homotopy-equivalent to Gnite coarse CW -complexes. 

Proof By theorem 5.10 the map r: HXp{X,<ll) — > HXp{X,^) is an isomor- 
phism whenever the space X is a finite coarse CVF-complex. The result now 
follows by looking at long exact sequences and applying the five lemma. □ 

6 The coarse assembly map 

The ideas present in this article can be applied to the study of the assembly 
map present in the coarse Baum-Connes conjecture. The coarse assembly map 
is described for proper metric spaces in [8] and generalised in [7]. In this section 
we refine slightly the definition given in [7] and prove that the refined coarse 

Algebraic & Qeometric Topology, Volume 1 (2001) 



292 



Paul D. Mitchener 



assembly map is an isomorphism for all finite coarse CVF-complexes. This 
result is an easy consequence of the machinery developed in the previous section 
together with some results presented in [7]. 

We begin by recalling some relevant definitions. 

Definition 6.1 Let X be a locally compact Hausdorff topological space, and 
let A be a C* -algebra. Then an {X , A) -module is a Hilbert A-module E 

equipped with a morphism (p: Co{X) C{E) of C*-algcbras. The module E 
is called adequate if 'p[Cq{X)]E = E, and the operator (^(/) is compact only 
when the function / is the zero function. 

Here £.{£) denotes the C* -algebra of all operators that admit adjoints on the 
Hilbert -module E. We usually omit explicit mention of the morphism ip 
when talking about {X, ^4) -modules. Note that when we talk about an operator 
between Hilbert A-modules being compact, we mean compact in the sense of 
operators between Hilbert modules, rather than compact as a bounded linear 
operator between Banach spaces. 

Definition 6.2 Let E be an (X, ^4) -module, and consider an operator T € 
C{E). Then we define the support of T, supp{T), to be the set of all pairs 
{x,y) e X X X such that given functions / G Co{X) and g G Co{X), the 
equality fTg = implies that either f{x) = or g{y) = 0. 

Definition 6.3 Let X be a coarse topological space, and let E be an {X, A)- 
modules. Consider an operator T G J0.{E) . 

• The operator T is said to be locally compact if the operators Tf and fT 
are both compact for all functions / G Co{X). 

• The operator T is said to be pseudolocal if the commutator fT — Tf is 
compact for all functions f eCo{X). 

• The operator T is said to be controlled if the support, supp{T), is an 
entourage. 

Definition 6.4 Let X be a coarse topological space, and let E be an adequate 
{X, A) -module. Then we define the C*-algebra C^{X) to be the C*-algebra 
generated by all controlled and locally compact operators on the module E . We 
define the C* -algebra D\{X) to be the C* -algebra generated by all controlled 
and pseudolocal operators on the module E. 
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As our terminology suggests, the {X, A) -module E which we are using in the 
above definition does not really matter to us. The i^-theory groups KnC^{X) 
and KnD'^{X) do not depend on the precise choice of adequate {X, 74)-module; 
see [7] for a proof of this fact. 

By proposition 5.5 of [7] the assignments X i— > iir„C^(X) are coarsely-invariant 
functors on the category of coarse topological spaces. The C* -algebra C\{X) 
is an ideal in the C* -algebra D*^(X). We can thus form the quotient algebra 
D'^{X) / C'^{X) and so we have an exact sequence: 

Kn+i {D\X) ^Kn+i {D\X/C\X) -^Kn (QX) ^K^ {D\X) 

By proposition 7.3 of [7] the -theory group Kn+i{D\X / C^X) is naturally 
isomorphic to the KK -theory group KK~"'{Co{X), A) . The functor X ^ 
KK^^{Co{X), A) is a locally finite homology theory; it can be considered to 
be locally finite i^-homology with coefficients in the C* -algebra A. 

Proposition 6.5 Let X be a coarse paracompact topological space. Let 
KXn{X; A) denote the coarse homology theory deEned by coarsening the func- 
tor X ^ KK-''{Co{X),A)}'^ Then there is a map a^o'- KXn{X;A) 
KnC\{X) such that we have a commutative diagram: 

KK-^{Co{X),A) 

KXn{X- A) > KnC\{X) 

Proof Let {Ui) be an open coarsening family on the space X. Recall from the 
comments at the end of section 3 that we can define a proper continuous map 
k: X ^ \Ui\ by the formula: 

ueUi 

The coarsening map c is defined to be the direct limit of the induced maps 
Ki^: KK-''{Co{X),A) KK-''{Co{\Ui\),A). The map aoo can be defined to 
be the direct limit of the maps:^^ 

a: KK-''{Com),A) ^ Kr,C*j,iX) 

□ 

^°See section 3. 

^^The space X is coarsely equivalent to each nerve \Ui\, so the groups KnC\{X) 
and KnC'Xill^il) are isomorphic 
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The map Ooo- KXn{X]A) KnC\{X) is called the coarse assembly map. 
The coarse Baum-Connes conjecture asserts that this map is an isomorphism 
for all metric spaces of bounded geometry. 

The machinery we have developed in this article together with some results 
from [7] tells us that the coarse assembly map is an isomorphism for all finite 
coarse CPF-complexes. 

To see this fact, first note that by an argument similar to that given to prove 
theorem 11.2 of [7] the functors KnC\ are coarsely homotopy-invariant, and 
by corollary 9.5 of [7] these functors satisfy the coarse excision axiom. Hence 
the sequence of functors {KnC\} is a coarse homology theory. 

We now need some computations. 

Lemma 6.6 Let + denote the one-point space. Then the K-theory groups 
KnDj^{+) are all trivial. 

Proof The C* -algebra D*^{+) consists of all operators on some infinite-dim- 
ensional Hilbert A-niodulc. An Eilcnbcrg swindle argument tells us that the 
iC-theory groups of such a C* -algebra are all trivial. □ 

The map a: KK~"'{Co{+), A) KnC^{+) fits into an exact sequence: 
Kn+iD\{+) ^KK-^iCoi+),A)^^KnC*^{+) ^KnD\{+) 

Further, the coarsening map c: KK~"'{Co{+), A) KXn{+;A) is clearly an 
isomorphism. The above lemma therefore tells us that the coarse assembly map 
aoo- KXn{+;A) KnC^{+) is an isomorphism. 

Lemma 6.7 Let R be a generalised ray. Then the groups KnC\{R) are all 
trivial. 



Proof The generalised ray R is fiasque in the sense described in section 10 of 
[7]. Hence, by proposition 10.1 of [7], the -theory groups K„C^(i?) are all 
trivial. □ 

^^A metric space is said to have bounded geometry if it is coarsely equivalent to a 
discrete metric space Y such that the supremum supy^y is finite for all real 

numbers r > . The coarse Baum-Connes conjecture is actually now known to be false 
in general; see [6]. 
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Lemma 6.8 Let R be a generalised ray. Then the groups KXn{R; A) are all 
trivial. 

Proof We can find a coarsening family (Ui) for the space R such that each 
nerve \Ui\ is properly homotopic to the ray [0, oo) . An Eilenberg swindle argu- 
ment tells us that the groups KK~^{Co[0,oo), A) are all trivial. Taking direct 
limits, the groups KXn{R;A) must also be trivial. □ 

The above three lemmas tell us that the map a: KK~"{C{X); A) KnC*^{X) 
is an isomorphism whenever the space X is a single point or a generalised ray. 
In particular, the coarse assembly map is an isomorphism for such spaces. 

Theorem 6.9 The coarse assembly map a^o '■ KXn{X; A) KnC^{X) is an 
isomorphism whenever the space X is coarsely homotopy-equivalent to a Gnite 
coarse CW -complex. 

Proof The result is immediate from the previous three lemmas and theorem 
5.10. □ 

A well-known descent argument (see [11]) enables us to deduce some results 
about the Novikov conjecture. 

Corollary 6.10 Let T be a finitely presented group such that the correspond- 
ing metric space |r|^^, equipped with the bounded coarse structure, is coarsely 
homotopy-equivalent to a finite coarse CW -complex. Then the group F satis- 
fies the Novikov conjecture. □ 

The above result is not new. For example, any metric space coarsely homotopy- 
equivalent to a finite coarse CVF-complex is certainly uniformly embeddable 
into a Hilbert space, so the above corollary is included in the main result of 
[15]. 

However, another result is possible if we look at continuously controlled coarse 
structures rather than bounded coarse structures. See for example [7] and the 
final chapter of [11] for the descent arguments that are necessary in this case. 

^^The metric space |r| is formed by equipping the group T with the word-length 
metric. 
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Definition 6.11 Let X be a locally compact proper metric space, equipped 

with a compactification X. Let X* denote the space X equipped with the 
bounded coarse structure, and let X'^^ denote the space X equipped with the 
continuously controlled coarse structure arising from the compactification X . 
Then we call the compactification X a coarse compactification if the identity 
map 1: X^ ^ is a coarse map. 

Corollary 6.12 Let T be a discrete group such that: 

• The classifying space BT can be represented as a Rnite complex. 

• The corresponding universal space ET admits a coarse compactiRcation, 
ET , such that the space ET'^'^ is coarsely homotopy-equivalent to a finite 
coarse CW -complex, and the given T -action on the space EF extends 
continuously to the compactification ET. 

Then the group T satisfies the Novikov conjecture. □ 

Actually, the descent argument is sufficiently general to prove that the Novikov 
conjecture holds for any subgroup of a group of the kind described above. 
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